With any permutation group G on an in nite set is associated a graded algebra A G (the algebra of G-invariants in the reduced incidence algebra of nite subsets of ). The dimension of the nth homogeneous component of A G is equal to the number of orbits of G on n-subsets of . If it happens that G is the automorphism group of a homogeneous structure M, then this is the number of unlabelled nelement substructures of M. Many combinatorial enumeration problems t into this framework.
Introduction
A relational structure M such as a graph, digraph or poset is said to be homogeneous if any isomorphism between nite substructures of M can be extended to an automorphism of M.
Let M be homogeneous, G the automorphism group of M, and C the age of M, the class of nite structures embeddable in M. Then the number of orbits of G on n-element subsets of M is equal to the number of unlabelled n-element structures in C, and the number of orbits on n-tuples of distinct elements is equal to the number of labelled n-element structures in M. Moreover, a theorem of Fra ss e 4] characterises the ages of (countable) homogeneous structures. So orbit-counting problems for groups are equivalent to combinatorial enumeration problems in Fra ss e classes. (See 2] for discussion.)
As a tool for such enumeration problems, I introduced in 1] a commutative, associative graded algebra A G associated with a permutation group G, with the property that the dimension of the nth homogeneous component of A G is equal to the number of orbits of G on n-sets (if this number is nite | otherwise both quantities are in nite). I conjectured that, if G has no nite orbits, then A G is an integral domain. (In fact, a stronger conjecture was
given, as will be explained in the next section.) This conjecture would have implications for the rate of growth of the numbers of n-element unlabelled structures in Fra ss e classes under very mild assumptions. Almost no progress has been made on this conjecture. The purpose of this paper is to prove a theorem which, while not getting any closer to proving it, introduces some techniques which may be useful. The theorem asserts that, if G is a transitive extension of H, and A H is an integral domain, then so is A G (and the same holds for the stronger condition of the conjecture).
The theorem
Let be a set, usually assumed to be countably in nite. The reduced incidence algebra (Rota 8]) A of the poset of nite subsets of is de ned as follows. For n 0, let V n be the vector space (over C ) of functions from the set n of n-element subsets of to C . (Addition and scalar multiplication of functions is de ned pointwise.) We de ne a multiplication from V k V l to V k+l as follows: for f 2 V k , g 2 V l , the function fg 2 V k+l is given by
for any M and extend the multiplication linearly to A. It is easily veri ed that the multiplication is commutative and associative. Now suppose that the group G acts on . Let V G n be the space of functions in V n xed by G, and
a subalgebra of A, and hence a commutative and associative graded algebra.
A function in V n is xed by G if and only if it is constant on the orbits of G; so dim(V G n ) is equal to the number of orbits on n-sets, if this is nite. Proof. Suppose that e is prime in A G , and that fg = 0, with f; g 6 = 0. By considering the homogeneous components of f and g of least degree, we can assume that f and g are homogeneous; we further assume that the sum of their degrees is minimal. Then ejfg, so ejf or ejg, say f = eh. Now ehg = 0, so hg = 0 (since e is not a zero-divisor), contradicting the minimality of deg(f) + deg(g). Now the conjecture made in 1] asserts that, if G has no nite orbits on , then G is strongly entire. According to Lemma 1, this would imply that it is entire under the same hypotheses.
The converse of the conjecture is true: for, if G has an orbit with j j = n, and f 2 V G n takes the value 1 at and 0 elsewhere, then f 2 = 0. The conjecture seems to be related to the fact that, if G has no nite orbits, then any two nite sets have disjoint G-images (Lemma 2.3 of Neummann 7]).
These conditions were introduced in order to study the rate of growth of the number f n (G) of orbits on n-sets of the permutation group G. Subsequently, global results on growth rate were proved, notably by Macpherson 5], using completely di erent techniques. However, the algebraic method o ers the possibility of proving local results. Here is an example.
Proposition 1 Let G be a permutation group on , and f n the number of orbits of G on the set of n-subsets of . Lemma 4 Let f be a function on the n-subsets of nf g, where is in nite.
Let G be a transitive permutation group on . Suppose that f takes the same value on n-sets which lie in the same orbit of G. Then f has a unique extension to a G-invariant function on the n-subsets of .
Proof. We must de ne f on n-subsets containing . If K is such a set, there exists g 2 G with = 2 Kg, and we must set f(K) = f(Kg). We have to show that this is well-de ned and G-invariant. A H is a polynomial algebra, H is strongly entire:
(a) H is the automorphism group of the random graph; (b) H is the group of order-preserving permutations of Q xing q pairwise disjoint dense subsets whose union is Q. In each of the cases (a) and (b), H has a transitive extension G. In (a), this is the automorphism group of the countable universal two-graph; in (b), the automorphism group of an appropriate \circular structure". According to the Theorem, in each case G is strongly entire. (This resolves a question posed in 3].) It is unknown whether A G is a polynomial algebra.
In this connection, case (a) is interesting. Since the numbers of twographs and even graphs on n vertices are equal 6], we see that, if A G is a polynomial algebra, then the number of polynomial generators of degree n is equal to the number of connected even (that is, Eulerian) graphs on n vertices. However, I do not know how to choose the correct number of elements to be the polynomial generators.
